We calculate the Sommerfeld precursor that results after transmission of a generic electromagnetic plane wave pulse with transverse electric polarization, through a one-dimensional rectangular N-layer photonic crystal with two slabs per layer. The shape of this precursor equals the shape of the precursor that would result from transmission through a homogeneous medium. However, amplitude and period of the precursor are now influenced by the spatial average of the plasma frequency squared instead of the plasma frequency squared for the homogeneous case.
Introduction
The propagation of electromagnetic pulses in photonic crystals [1] exhibits many interesting phenomena. Most familiar is the photonic band-gap. This effect allows photonic crystals to be applied in for instance information technology as small-scale and low-loss wave-guides [1] , or in fundamental research as devices that control spontaneous atomic photon emission [2] . Another interesting effect of a photonic crystal is that it can reduce the magnitude of the group velocity of an electromagnetic pulse considerably [3] . Theory predicts that this group speed can approach zero in photonic structures with many periods [4] . This allows for applications of photonic crystals as optical delay lines or as data storage compounds [5] . Not only small group velocities have been observed in photonic crystals, also superluminal group velocities and photon tunnelling have been measured [6] [7] [8] [9] .
The theory for pulse propagation in homogeneous dielectric media is extensively treated in [10] [11] [12] . Due to dispersion and absorption in the guiding medium, a pulse separates into distinct parts [11, 12] in configuration space. Its wavefront propagates at the vacuum speed of light. Immediately behind it, the Sommerfeld precursor [11, 12] emerges. The amplitude of this precursor is very small as compared to the applied pulse and its period is of the order of 10 À19 s, both depending on material constants, propagation distance and time. Behind this precursor, the ultraviolet Brillouin precursor [11, 12] emerges. Both precursors have been observed for microwaves [13] transmitted through guiding structures that have dispersion characteristics similar to those for dielectrics and for optical pulses [14, 15] in water and in GaAs. Behind the Brillouin precursor, the period of the transmitted signal tunes to the applied pulse period which marks the transmission of the main part of the pulse.
Instead of the exponential amplitude decay with propagation distance for the main part of the pulse, its Sommerfeld precursor amplitude decreases roughly with the inverse square root of propagation distance [11, 12] . This long range persistence may allow for applications of precursors to underwater communication or medical imaging [16] . In this paper, the Sommerfeld precursor is calculated after transmission through an N-layer medium, serving as a prototype of an inhomogeneous medium. This paper has been organized as follows. In Section 2 the N-layer medium is modelled. Section 3 is devoted to the applied pulse. A brief review of the plane wave transmission coefficient for the N-layer medium is given in Section 4. In Section 5, we will determine the wavefront of the transmitted pulse and in Section 6 the transmitted pulse immediately behind the wavefront, the Sommerfeld precursor, is investigated. The influence of the layered inhomogeneous medium structure onto this precursor is discussed in Section 7. We conclude in Section 8. In the appendix, the accuracy of the Sommerfeld precursor description is estimated.
Model for the N-layer medium
In Fig. 1 our model for the rectangular one-dimensional N-layer medium is depicted and in this section the spatial dependence of its refractive index is given. Each of the layers k = 1,. . . , N contains two homogeneous dielectric slabs of widths a and b such that
These slabs have refractive indices n a and n b respectively. The N-layer medium serves as a reference homogeneous medium when n b = n a or when b = 0. It serves as a photonic crystal when n b 5 n a and at the same time b 5 0. It is placed in a surrounding homogeneous medium with refractive index n s . The media are infinitely extended in the yz-plane. A medium with refractive index n j (j = a, b, s) is referred to as medium j. Now the frequency dependence of the refractive indices of the media will be characterized. The atoms of medium j have m j electronic resonances and f rj and c rj denote the oscillator strength and absorption parameter corresponding to the rth resonance at angular frequency x rj . The oscillator strengths satisfy the Thomas-Reiche-Kuhn sum rule [17, p. 261] ,
to be used in Section 6. The plasma angular frequency of medium j is x pj . For the dependence of the refractive index on the angular frequency x of the electromagnetic field, the Lorentz model for atomic polarization and the ClausiusMosotti relation [17, p. 266] have been used to give
In Fig. 2 the frequency dependence of the real and imaginary parts of a typical refractive index n e of the form of Eq. (3) is illustrated for a homogeneous example medium e with 10 electron resonances (m e = 10). The used values for n e are a plasma frequency x pe = 2.4 · 10 16 s À1 and ten electron resonances at x re = r · 10 16 s À1 with all oscillator strengths equal, f re = 0.1 and absorption parameters c re = (20 + r) · 10 14 s À1 . As well, the first order expansion of n e about infinite frequency,
has been plotted, since this approximation will be used in the Sommerfeld precursor theory. Before proceeding to the precursor, the applied pulse is specified in the following section.
Applied pulse
The rectangular pattern in the variation of the optical properties throughout space, as imposed by the N-layer medium described in the previous section naturally favors the use of a cartesian coordinate system. The entrance plane defines the origin of the x-axis and the other two coordinates are chosen such that a right-handed coordinate system is obtained.
The electromagnetic fields propagate in the xy-plane into the directions of the arrows (see Fig. 1 ) and have transverse polarization such that E ð0Þ jk ¼ E ð0Þ jkẑ . Unprimed fields propagate forwards and primed fields propagate backwards with respect to the x-axis. The N-layer medium is irradiated from the left with a one-dimensional plane wave packet E s0 . The applied pulse is specified such that it propagates under an angle h s with the x-axis. The propagation axis of the pulse in medium s is therefore related to the xycoordinate system as
The propagation angles in other media for a wave component at frequency x can be derived from Fresnel's equation, n j ðxÞ sin h j ðxÞ ¼ n s ðxÞ sin h s .
Decompose the time-dependence of the fields in the complete basis of exponentials, 
where c is the speed of light in vacuum. For the applied field E s0 , we allow only for plane wave solutions that propagate in the above specified direction. This gives
wherẽ E s0 ðxÞ ¼ 1 2p
is the spectral density of the applied field at the line r s = 0, see Fig. 3 . Further,
where k j ¼ ðk j x ; k y ; 0Þ with
Now the spectral density of Eq. (11) will be calculated for a generic pulse of finite time duration. The applied field is constructed such that at r s = 0, it is zero at times t 6 2 [0,T] with T > 0 finite,
Here E s0 ð0Þ ¼ E s0 ðT Þ ¼ 0 and I ½0;T ðtÞ ¼ 1 for t 2 ½0; T ; 0 for t 6 2 ½0; T .
& ð15Þ
A convenient basis for E s0 ðtÞ is a trigonometric one,
Here
in order for E s0 ðtÞ to vanish at t = 0,T. The coefficients E s0 ðx m Þ are the spectral weights of the unmodulated infinitely long lasting T-periodic signal E s0 ðtÞ at its carrier angular frequencies x m . Only pulses with finite carrier frequencies are considered,
where M is a nonnegative integer. With Eq. (16), the spectral density Eq. (11) of the applied field at r s = 0 becomes
Eq. (10) with (19) together describe a generic plane wave pulse of finite time duration that propagates under an angle h s with the x-axis in the surrounding medium. For an applied plane wave packet E s0 , the transmitted field E sN is obtained from it via the plane wave transmission coefficient for the N-layer medium, which is calculated in the next section.
N-layer medium plane-wave transmission coefficient
For plane wave transverse polarized fields, the temporal Fourier coefficients of the electric fields in homogeneous media a surrounding a vertical homogeneous slab b, the fields being evaluated at a mutual horizontal distance K, are related via the corresponding unimodular transfer matrix M [18, 19] ,
The transfer matrix is constructed from propagation and dynamical matrices,
Fig . 3 . The line r s = 0 is the wavefront at t = 0 and the applied field propagates along the r s -axis.
as
The latter in Eq. (21) is given here for transverse electric polarization. This gives the entries of M as
The fields at both sides from the N-layer medium in a surrounding homogeneous medium a are related viã
The entries A N , . . . , D N can be found by solving Eq. (20) with the discrete Mellin transform method [18] . One finds
are the eigenvalues of the transfer matrix. The correction of the surrounding medium a to a medium s gives
and the transmission coefficient of the N-layer medium follows as (f
Via the transmission of the applied pulse of Section (3) through the N-layer medium, we arrive at the transmitted pulse E sN . In the following section, we determine the wavefront and in the section thereafter, we investigate its shape immediately behind the wave front.
Wavefront of the transmitted signal
In order to describe the behavior of the transmitted pulse immediately behind the wavefront, we will first determine the wavefront itself. Hereto reconsider the expression for the applied pulse, Eq. (10). Its integrand is analytic at the real axis and in the upper half frequency plane. Hence the integration path may freely be deformed from the real axis into path S, see Fig. 4 . This path follows the real axis up to a semicircle detour in the upper half plane with center x = 0 and radius X. With S as integration path, traversed from x = À 1 to +1, the transmitted pulse follows from Eqs. (10) and (26) 
From Eq. (3) it follows that n j (jxj = 1) = 1. Hence spectral components at infinite frequencies experience the N-layer medium as if it were a vacuum. So, of all frequency components, these are the fastest propagating components. When present in the pulse, solely these infinite frequency components will form the wavefront at positions ahead of the starting line r s = 0, i.e. after propagation.
The contribution from these fast propagating frequency components to the complete field, Eq. (27), can be isolated by choosing the integration path radius X very large with respect to the frequency parameters of the refractive indices,
where is a small positive real number: 0 < ( 1. The radius X is kept finite in order for the integral in Eq. (27) to be well-defined for all values of (t, r s ). When using this large radius X, the refractive indices, when evaluated on S, are approximated accurately by their zeroth order expansions about infinite frequency, since
On S, the transmission coefficient for the N-layer system is within this zeroth order approximation equal to
Denote the fastest travelling part (or very high frequency part) of the transmitted field E sN of Eq. (27) as E 
it is clear that both exponents have arbitrary large negative real parts (for an arbitrary large radius X) when s < 0. The contribution from the part of the integration near and at the real axis is arbitrary small as well since the spectral densityẼ s0 ðxÞ behaves as 1 x 2 for jxj large. When 0 < s < T, the integration path for the first term in Eq. (33) can still be taken as S in order to have exponential decay with X. For the second term in Eq. (33), the path should be deformed into a very large semicircle in the lower half frequency plane, but then one encounters the branch lines from the refractive index and the poles at x = ±x m (although the complete expression Eq. (33) has no poles at these positions, the separate terms do), giving a nonzero signal for s > 0. Hence the wavefront is given by the equation s = 0. The quantity s is therefore the time elapse after the wave-front has passed. Now that the location of the wavefront has been determined, we can proceed to the transmitted pulse immediately behind the wavefront.
Sommerfeld precursor
The Sommerfeld precursor starts immediately behind the wavefront. Since the wavefront serves as a reference line, it is convenient to use the set of independent coordinates (s, r s ) instead of the set (t, r s ). In terms of these, the complete transmitted field, Eq. (27), reads as
Here S is still the integration path with a semicircle in the upper half plane, see Fig. 4 . The zeroth order expansions about infinite frequency, were used to determine the wavefront. In order to derive the Sommerfeld precursor, their first order expansions will be used,
The refractive indices are contained in the expression for the transmitted wave, Eq. (34), through the factors 
For the manipulation of Eq. (36a), it is convenient to consider another expanded form for t N . Let r jj 0 denote the single boundary reflection factor for an electric field that propagates in medium j and is reflected at a boundary with medium j 0 and let t jj 0 denote the corresponding single boundary transmission factor. For transverse electric polarization,
see [20] . The x-component of the propagation factor over a distance j through medium j is
The slab a-transfer matrix elements of Eq. (22) can be expressed in these factors, 
The paths corresponding to these terms are sketched in Fig. 5 . The transmitted signal immediately behind the wavefront at s = 0 clearly consists from the waves that have followed the path without internal reflections in Fig. (5) . Furthermore the contributions from other paths (with internal reflections) can be neglected for the high-frequency components as will be shown now. With Eq. (35), the highfrequency approximation of the reflection coefficient, Eq. (38), follows as
with from Eq. (28). Here (and in the following) the sum rule, Eq. (2), has been used. From Eqs. (41) and (42) it follows that transmitted waves that have experienced reflections within the N-layer medium give contributions to t N that are at least quadratic in the reflection coefficients. Therefore, on the integration path S, they give contributions of order 4 , so
The Oð 4 Þ terms are very small with respect to the wave that has not experienced internal reflections and may be omitted when attention is restricted to positions immediately behind the wavefront. The dominant term of Eq. (36a) at large frequencies is thus 
At very large frequencies such that jxj ) x M , the spectral density, Eq. (19), may be expanded to first order as well,
and the dominant contribution to the initially transmitted field, Eq. (34) follows as the Sommerfeld precursor
where the real function
For s > 0, the absolute value of the integrand in Eq. (46) grows exponentially with the radius X of the semicircle part of S. This does not necessarily imply that the integral diverges, since also the oscillation frequency of the integrand along the semicircle increases. We will next show that the integral actually converges in the limit X ! 1. The steps taken in the following are merely a repetition of the work in [11] in order to perform the integration. Consider the path S, which is obtained from path S by reflection about the point x = 0. On S, Eq. (46) is arbitrary small (for arbitrary large X) for s > 0, so this path S may be added to S in Eq. (46). The integration over S is chosen to run from x = +1 to x = À1. When S is added to S, one obtains a circular path, denoted as C, which is traversed clockwise. With reversion to counterclockwise traversing of C, and with rewriting the exponent of Eq. (46), one obtains
Change the integration variable from x to / ¼ Ài ffiffi s n p x to identify the initially transmitted electric field as
Here J 1 is the Bessel function of the first kind and order. Eq. (49) has exactly the same form as the expression for the Sommerfeld precursor after transmission through a homogeneous medium [11] . In the next section we will discuss the changes due to the layered structure of the medium.
Discussion
First the transmission of a pulse through a homogeneous medium and transmission through an N-layer medium will be compared. For transmission over a horizontal distance NK through a homogeneous medium a and for initial propagation along the r s -axis in a vacuum surrounding medium s, the function n in the expression for the initially transmitted field, Eq. (49), simplifies to
Note that the function n of Eq. (47) is symmetric in the media a and b. So medium b could have played the rô le of reference medium as well. For the N-layer system in between vacuum, the function n is
So the plasma frequency squared for a homogeneous medium is simply replaced by the spatial average of the plasma frequency squared of the N-layer medium. The influence of the perturbing medium b on the Sommerfeld precursor will be explicated somewhat further. The relative slabwidth of slab b is 
and the relative difference of the squared plasma frequencies is
In terms of these parameters, Eq. (51) reads as
and the Sommerfeld precursor field, Eq. (49), reads as 
Þ.
• d < 0 When on the other hand x pb < x pa and b 5 0 then the amplitude and period increase with respect to the reference medium case, as shown by the dashed line
The effects increase with increasing b. The extreme case d = À 1 is obtained from putting b = 1 and x pb = 0. The N-layer medium has reduced to a complete vacuum and gives for the transmitted field
This is indeed the approximation for the applied field, Eq. 
For perpendicular incidence, r s = 0 coincides with the entrance line of the medium, x = 0. Hence at the first maximum, Eq. (49) gives S sN ¼ 2:79 Á 10 À5Ẽ s0 ðx M Þ. Therefore the initial amplitude of the Sommerfeld precursor for this specific applied field transmitted through the reference medium is very small compared to the amplitude of the corresponding applied pulse.
Conclusion
The wavefront of a pulse that propagates in a dielectric medium is constructed from the infinite frequency components of that pulse, since the electrons of the medium are inert and no polarization can be induced. When a homogeneous dielectric medium is replaced by a rectangular photonic crystal that consists of layers of the same type of media, the wavefront therefore still propagates at the vacuum speed of light. Fig. 6 . Transmitted field through a homogeneous Si medium (solid line) and through two photonic crystals of the same length, but with different plasma frequencies.
The Sommerfeld precursor results from very high frequency components of the pulse, which experience the medium as if it were almost vacuum. This precursor immediately follows the wavefront of the transmitted pulse. Although the individual frequency components of the applied pulse experience a frequency-dependent refraction at each interface within the photonic crystal, after transmission a Sommerfeld precursor emerges of the same shape as for the homogeneous medium. The only difference is that in the expression for the Sommerfeld precursor, the plasma frequency squared for the case of a homogeneous medium is replaced by the spatial average of the plasma frequency squared of the layered medium. À19 s (see Fig. 6 ) the approximation is accurate over $10 2 oscillations.
